Abstract. In this paper we consider inhomogeneous cubic-quintic NLS in space dimension d = 3:
Introduction
In this paper we consider the following Cauchy problem for inhomogeneous cubic-quintic nonlinear Schrödinger equations of the form:
u(x, 0) = ϕ(x), (1.1) where Q 1 (u) = |u| 2 u, Q 2 (u) = |u| 4 u, and K l ∈ C 4 (R 3 \ {0}; C). The model of ICQNLS (1.1) can be a dilute BEC when both the two-and three-body interactions of the condensate are considered. For this see [2, 22] and the references therein. Also it has been considered to study the laser guiding in an axially nonuniform plasma channel. For this see [15, 21, 22] .
In this paper we consider ICQNLS with K l satisfying the growth condition: for some constants b 1 , b 2 ≥ 0 |∂ j K l | |x| b l −j , j = 0, 1, 2, 3, 4, l = 1, 2, (1. 2) where ∂ is one of the partial derivatives ∂ j , j = 1, 2, 3. Some basic notations are listed at the end of this section.
By Duhamel's formula, (1.1) is written as an integral equation
Here we define the linear propagator e it∆ given by the linear problem i∂ t v = −∆v with initial datum v(0) = f . It is formally given by e it∆ f = F −1 (e −it|ξ| 2 F (f )) = (2π) If K l are real-valued, then we can define mass and energy of the solution u of (1.1) as follows:
We say that the mass and the energy of solutions are conserved if they are constant with respect to time.
The aim of this paper is to establish a well-posedness theorey, a finite time blowup, and a scattering theory for suitable growth rate b 1 , b 2 ≥ 0. In case that K l are radially symmetric, the authors [4, 5, 24] considered well-posedness, finite time blowup and stability of radial solutions. The main obstacle of that problems is the growth of K l at infinity. To avoid this Sobolev inequalities of radial H 1 functions were utilized. However, nothing in general cases has been known about the global behavior like scattering as far as we know. For other work treating bounded or decaying coefficients like |x| −b see [12, 17, 19, 20] or [14, 8, 11] , respectively.
To circumvent the lack of symmetry of K l and growth at space infinity, we suggest alternatives of radial symmetry, the angular momentum conditions, for which we introduce the angular momentum operator L:
It is well-known that
where ∆ S 2 is the Laplace-Beltrami operator on the unit sphere. Now we define Sobolev spaces H n, ℓ
These spaces give us Sobolev type inequalities associated angular momentum such as |x|
Our first result is on the local well-posedness, whose definition is the following. 
If K l are real-valued, then in any cases the mass and the energy are conserved.
We prove this theorem via standard contraction mapping theorem. If b 1 ≤ 2, b 2 ≤ 4, we can control the growing coefficients by using Sobolev inequality associated with angular momentum. For example we need
, which can be done by the bound |x|
. In case that b 1 > 2 we cannot control it only with Sobolev inequality. To this end one can try to show the local well-posedness for the initial data with higher regularity and additional weight condition (|x| k ϕ ∈ L 2 x , k = 1, 2, · · · ). We will not pursue this issue here. The local well-posedness results are far away from the sharpness of regularity on the space and angle. One may improve them via fractional Sobolev space and fractional Leibniz rule [13] .
The next result is on the finite time blowup when the initial energy is negative. Theorem 1.3. Let K l be real-valued function such that K 1 − x · ∇K 1 ≤ αK 1 and 4K 2 − x · ∇K 2 ≤ αK 2 for some α ≥ 0. Let u be the local solution of (1.1) as in Theorem 1.2 with |x|ϕ ∈ L 2 x . Suppose that E(ϕ) < 0. Then the solution blows up in finite time.
If K 1 = −|x| −b1 and K 2 = −|x| b2 , then the condition on K l implies that b 1 ≤ α + 1 and b 2 ≤ α + 4.
We use the standard virial argument for which the weight condition |x|ϕ ∈ L 2 x and the sign condition of the coefficients K l are necessary. Once a regular solution exists even for b 1 > 2, the finite time blowup can be shown by the same argument. Now we consider a small data scattering. Definition 1.4. We say that a solution u to (1.1) scatters (to u ± ) in a Hilbert space H if there exist ϕ ± ∈ H (with u ± (t) = e it∆ ϕ ± ) such that lim t→±∞ u(t) − u ± H = 0.
Our small data scattering is the following.
is sufficiently small, then there exists a unique
For the proof we carry out nonlinear estimates with constants not depending on the local time. This is possible due to the endpoint Strichartz estimates and Sobolev inequality associated with angular momentum, when b l are small enough not to make nonlinearity super-critical in energy. One can study this type result for a general nonlinearity |x| b |u| α u(2 < α < 4), for which see the nonlinear estimate in Remark 1 below.
If b 1 is big, then we expect a non-scattering. Here we give a sufficient condition as follows. Theorem 1.6. Assume that K 1 (x) = |x| b1 and K 2 (x) = |x| b2 for b 1 , b 2 > 0, and λ ∈ R. Let u be a smooth global solution of (1.1) with b 1 ≥ 2 and 0 < b 2 < 3 + b 1 , which scatters to
x for some smooth function ϕ ± . Then u, u ± ≡ 0.
For the proof we use pseudo-conformal identity to get the potential energy bound 1 4 |x| b1 |u| 4 dx + 1 6 |x| b2 |u| 6 dx t b1−3 , which is crucial to the estimate of quintic term. Theorem 1.6 implies that the scattering in the sense of Definition 1.4 does not occur in the long-range case b 1 ≥ 2. We think the case b 1 = 2 will be borderline of the scattering and non-scattering. In this critical case it is highly expected that a modified scattering will occur. This will be another interesting issue to be pursued. The scattering problem still remains open in short-range cases
This short range together with critical case may be taken into account by utilizing the generator of Galilean transformation J (see (6.1) below). This paper is organized as follows: In Section 2 we introduce angular Sobolev inequality and some properties of angular momentum operators. We give a proof for Theorem 1. 
Basic notations.
• Fractional derivatives:
• Function spaces:
• Mixed-normed spaces:
• As usual different positive constants depending are denoted by the same letter C, if not specified. A B and A B means that A ≤ CB and A ≥ C −1 B, respectively for some C > 0. A ∼ B means that A B and A B.
Useful lemmata
If a pair (q, r) satisfies that 2 ≤ q, r ≤ ∞,
2 , then it is said to be admissible.
Lemma 2.1 ([16])
. Let (q, r) and ( q, r) be any admissible pair. Then we have
Proof. This can be done by interpolation between Theorem 2 of [18] and critical Sobolev inequality f BMO f Ḣ n p ( For instance see [23] ).
Lemma 2.3 ([9]
). For any smooth function f there holds
And also for any
Proof. Since ε < 1 − b, b 1−ε < 1 and thus we get from Lemma 2.4 that
By direct calculation we have the following.
(2) Let ψ be smooth and radially symmetric. Then
3. Local well-posedness: Proof of Theorem 1.2
From the assumption (1.2) it follows that for each j = 0, 1, 2
We will show that the nonlinear functional
we denote the derivatives of Duhamel part as follows:
We have by Leibniz rule and Lemma 2.6 that for n = 1, 2
3.1. Case: b 1 = b 2 = 0. Given ρ, it follows from Lemmas 2.1 and 2.2 that for any u ∈ X 1, 0
As for N 1, 0 2
we have
Hence we obtain
The choice of T = T (ϕ) and ρ such that e it∆ ϕ S
We can also readily show that for a little smaller T
because we have only to replace a u with u − v in the proof of self-mapping. Then the local well-posedness in H 1 is clear from the contraction.
3.2. Case: 0 < b 1 < 1. Given ρ, from Lemmas 2.3, 2.2, 2.5, and 2.1 we obtain that for any u ∈ X 1, 1
On the other hand, N
1,1 2
consists of u, ∂u, Lu, ∂Lu, and additional |u| 2 . For simplicity we only consider
Hence we obtain that for b 2 > 0
and for b 2 = 0
Now we can choose T and ρ so that Ψ becomes self-mapping from X 1, 1
, and also choose a little smaller T so that
This completes the proof of part (2) for the contraction on
Similarly we obtain
3.4. Case: 1 < b 1 < 2. In this case we use a modified complete metric space
l . Using (3.1), and Lemmas 2.4 and 2.2, we have
Also we have N 
3.6. Mass and energy conservation. According to the nonlinear estimates above, one can readily show
(or H 1 , respectively), we get the mass and energy conservation in the case that b 1 > 0 (or b l = 0).
Proof of Blowup
We show the finite time blowup via standard virial argument. To avoid duplication of proof we consider the case b 1 > 0. For the case of constant K l see [3] .
x , and let u be the solution of
where A(t) = Im u(t)x · ∇u(t) dx.
x ), by direct differentiation one can easily obtain that
and thus
Using Fatou's lemma, we obtain that 
Due to the continuous dependency on the initial data and (4.3) we may assume that ϕ ∈ H 2 and
. Let us consider a modified quantity Im θ ε ux · ∇u dx. Then the identity (4.2) follow from direct differentiation of this quantity and standard limiting argument ε → 0. Now from (4.1) and (4.2), and from the condition of K l it follows that
Since E(ϕ) < 0, (4.4) gives us the finite time blowup. 
, and h ∈ L 6
x we have
Proof. For the first term we have from Lemma 2.2 that
If b 1 = 0, then we are done by Sobolev embedding. If b 1 > 0, then let us choose ε such that 
Since 2 < p < 6, Sobolev embedding gives the desired bound.
By the same way we can treat the second term as follows. If
If b 1 = 0, then for small positive ε we have f gh
Then we have for any
, and h ∈ L 30 13
Proof. We first consider the case b 2 > 0. Choose 
Since 2 ≤ p < 6, Sobolev embedding (H 1 ֒→ L p ) leads us to the desired estimate.
On the other hand, one can easily see that
If b 2 = 0, then we have 
Proof of scattering. Let us define a complete metric space
≤ ρ equipped with the metric d such that
Let us show that the nonlinear functional Ψ(u) = e it∆ ϕ + N (u) is a contraction on X L (ρ). For this we have only to show
by Strichartz estimates, and thus we can find ρ small enough for Ψ to be a contraction mapping on X L (ρ), and for the equation (1.1) to be globally well-posed in H 1, 1 L . Once (1.1) is globally well-posed, the scattering is straightforward. In fact, let us define a scattering state u ± with
Then we get the desired result by the duality argument:
Here (t, ±∞) means that (t, +∞) if t > 0 and (−∞, t) if t < 0.
as in Section 3. From the bound (3.1) and the endpoint Strichartz estimate it follows that
Since |LQ 1 (u)| |u| 2 |Lu|, |LQ 1 (u) |u| 2 |∂u|, and |∂LQ l (u)| |u||∂u||Lu| + |u| 2 |∂Lu|, applying Lemma 5.1 with f = u, g = u or |Lu|, and h = u, ∂u, or |∂Lu|, we get
As for Q 2 (u), there hold |LQ 2 (u)| |u| 4 |Lu|, |LQ 2 (u) |u| 4 |∂u|, and |∂LQ 2 (u)| |u| 3 |∂u||Lu| + |u| 4 |∂Lu|.
Thus by taking f j = u, g = u or |Lu|, and h = u, ∂u, or |∂Lu| we obtain from Lemma 5.2
These show the estimate (5.1).
To treat (5.2) let us set
can be decomposed by new cubic and quintic terms of u, v and only one w. Applying the same argument as above to these terms, one readily get the second part (5.2). This completes the proof of Theorem 1.5.
Proof of non-scattering
We follow the argument as in [1, 6] . By contradiction we assume that ϕ + L 2
where λ = 0, 1. We decompose this as follows: For J 2 1 we have
Using (6.2) we get (3−b1) ).
To estimate J 3 1 and J 2 we need the following lemma.
Lemma 6.1. Let u be a global smooth solution of (1.1) with K 1 = |x| b1 , K 2 = |x| b2 such that 0 ≤ b 2 < 3+b 1 , and xu ∈ C(R; L = o ϕ, ϕ+ (t −(3−b1) ) (∵ b 2 < 3 + b 1 ).
Therefore we conclude that for t ≫ 1 d dt H(t) ϕ,ϕ+ t −(3−b1) .
Since H(t) is uniformly bounded for any t ≥ 0, the range b 1 ≥ 2 leads us to the contradiction to the assumption ϕ + L 2 x = 0. By time symmetry a similar argument holds for negative time. We omit that part.
Proof of Lemma 6.1. From (6.1) and (4.2) we deduce the pseudo-conformal identity: Gronwall's inequality gives us
This completes the proof of Lemma 6.1.
